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1 Experiment Parameters and Performance

Table [1] provides the simulation parameters used for each of the scenarios shown in the paper, while Table 2| gives performance
measurements as average values over the whole simulation.

Table 1: Scene Parameters. Parameters used for the scenes shown in our paper. These parameters are: particle radius r, fluid
phase rest density p%., fluid viscosity 1", porous solid rest density p& = (1 — ¢)p, porosity ¢, Young’s modulus E, Poisson’s ratio
v, capillary coefficient C**°, capillary falloff factor 1)..p, and porous viscosity coefficient iP°". A ™-” corresponds to the parameter
being varied in the examples, with the concrete values already given in the paper. Values with a ”*” only apply to the variants using
our method, as these parameters do not exist for the variant with the method by|Ren et al| [2021)]. For the SSGGRAPH letters example,
the solid particles are fixed in place and their density and Young’s modulus E are chosen to prevent any predicted movement in the

strongly coupled solver.

Scene Fluid Solid Porous

rlem] | pf [kgm™]  p¥* [Pas] | p§ (kem™] ¢ [1] E[kPa] v[1]| C®°[Nm™] 7ep[1] pP [Pas]
Sponge (Fig. 1, 12) 1.5 1000 50.0 1000 0.6 250 0.49 1000 0.7 0.5
Porosity (Fig. 3, 9) 1.0 1000 20.0 2000 - 250 0.33 0 0.0 5.0
Capillary Action (Fig. 4, 11) 1.0 1000 20.0 1000 0.6 250  0.33 - - 1.0
Wall (Fig. 5) 1.0 1000 20.0 3000 0.6 750 0.33 0 0.0 -
Comparison (Fig. 6) 1.0 1000 20.0 1300 0.6 250 0.33 1000* 1.0* -
Dam (Fig. 7) 1.0 1000 20.0 3000 0.4 1000 0.33 0* 0.0* 5.0*
Buoyancy (Fig. 8) 1.0 1000 20.0 - - 750 0.33 0 0.0 1.0
Seepage (Fig. 10) 1.0 1000 20.0 2000 0.5 500 0.33 - 0.7 -
Fusilli (Fig. 13) 0.75 1000 20.0 1500 0.8 100000 0.4 2400 0.88 1.0
Propeller (Fig. 14) 1.0 1000 20.0 150 0.55 750 0.33 75 0.8 1.0
SIGGRAPH (Fig. 15) 0.75 1000 20.0 50000 0.75 10000000 0.49 2000 0.7 0.5
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Table 2: Performance Measurements. The simulation step includes computing the forces, as well as other procedures like
neighborhood search and density computations. The solver for the non-pressure forces has a tolerance of 0.0001 for the relative
residual error. The pressure solver is applied until the average density error is less than 0.05% of the rest density. The time step size of
the sponge and propeller scenes are averaged due to the use of the CFL condition (all others are kept constant) and the iterations of
the non-pressure forces in the examples using the method by|Ren et al{[2021|] only measure those of the elasticity solver.

Scene Num. Fluid Num. Solid Time step  Sim. Step Non-Pressure Forces Pressure Forces
Particles Particles  size [ms] [ms] Time [ms] Iterations Time [ms] Iterations
Sponge (Fig. 1, 12) 61.5K 21.3K 0.37 43.6 7.1 0.6 24.8 2.2
Porosity (Fig. 3, 9) 110.6K 110.6K 1.00
¢ =04 210.6 55.4 7.2 127.4 4.5
¢ =0.6 204.3 59.2 7.4 115.5 4.3
¢ =0.8 245.2 64.3 7.2 148.8 4.5
Capillary Action (Fig. 4,11) 84.9K 104.7K 1.00
CP0 = ONm ™!, 1)egp = 0.0 156.2 48.2 49 75.0 2.0
Ce:0 = 2500N m ™1, 1jep = 0.7 245.1 56.9 5.8 152.8 438
€0 = 500Nm ™}, 1eap = 1.0 193.2 53.5 5.8 105.0 3.3
Ce0 = 500Nm ™", 1eap = 0.5 187.3 51.1 49 101.3 3.0
Comparison (Fig. 6) 84.9K 104.0K 1.00
Ren et al.|[2021] Slow 125.8 40.8 8.7 54.2 7.6
Ours Slow 194.1 60.8 8.0 100.3 2.6
Ren et al.|[[2021] Fast 186.5 42.7 8.6 111.3 16.3
Ours Fast 187.4 46.7 4.7 107.2 3.3
Dam (Fig. 7) 32.0K 15.5K 1.00
Ren et al.|[2021] 32.5 10.1 14.0 8.1 34
Ren et al.|[2021] with gravity 41.0 10.3 14.0 15.5 7.0
Ours 38.3 15.8 10.2 13.3 2.3
Buoyancy (Fig. 8) 242.0K 18.4K 1.00
Psolia = 888.9kgm™3 407.4 833 16.5 282.8 5.0
Psolid = 1142.9kgm—3 403.1 85.5 16.2 274.2 49
Psolid = 1555.6kgm—3 400.1 68.4 12.7 287.1 49
Seepage (Fig. 10) 110.6K 110.6K 1.00
uPr = 10Pas 304.8 71.4 6.7 192.6 5.0
pPor = 50Pas 334.7 72.4 6.8 221.1 53
C0 = 2500N m~* 373.7 75.6 7.1 256.2 6.0
Fusilli (Fig. 13) 1000.0K 78.7K 1.00 949.0 119.5 13.6 723.1 4.9
Propeller (Fig. 14) 875.0K 16.5K 0.53 1218.8 292.8 14.6 763.1 4.4
SIGGRAPH (Fig. 15) 425.3K 240.4K 0.50 565.0 42.2 0.2 453.6 5.5
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2 Algorithm

We employ the typical SPH operator splitting method, by first solving all the non-pressure forces followed by pressure forces
that correct the velocity field to ensure incompressibility. For typical SPH solvers, this further allows the use of different
specialized solvers for each force (see Algorithm[I), such that the fluid viscosity solver does not generally depend on the solid
elasticity solver and vice versa.

We now assume that the force formulations depend linearly on the new velocity field v* for both fluid viscosity and solid
elasticity. For solid elasticity, this results in a linear system for the solid particle velocities vg of the form:

Mgvy = Mgve 4 Atfelast (1)

. . L . . o 1 ]
where M is the mass matrix. Since £ is linear in the velocities, we can write it as félst = Aclastyy 4 bgaSt’", where bgm’"
only depends on known terms. We can then write the linear system as:

MSVE _ MSVg + At (Aelastvg + belast,n)

)
= (Mg — AtA®)vE = Mgvi + Atbg™".
The right-hand side includes the current velocities v as well as elasticity forces corresponding to already present deformations
(stored in b!2%™) while the left-hand side captures how the elastic forces change based on the new velocities.

For fluid viscosity we instead solve the system for the fluid particle velocities v based on the force ' = AYSv:

(Mp — AtAYS)vi = Mpvi. 3)

Since viscous forces only depend on the velocity field and not on any current deformation, the corresponding term on the
right-hand side is missing when compared with the elastic system (by."" = 0).
We can now solve viscosity and elasticity at the same time, by combining the two linear systems. This will result in a system

that is defined in blocks: 4
AVS 0 Vi) v 0
s (D) ) +(2)

This mass matrix M is the combined mass matrix of fluid and solid particles. The upper right and lower left blocks of the system
matrix correspond to coupling terms between the solid and fluid phase, which are usually not included in the non-pressure
forces. Our additional coupling forces now fill these blocks with a coupling matrix AP°" and add the RHS AtbPo"":

A4 AR Aver vi vy 0 ot
<M - At < (Apor)TF Aelast + A};”)) <Vg) = M (Vg> + At (belast,n) + Atbp . (5)

Note that the matrices A%Y" and A% are block-diagonal matrices, that correspond to the negative sum of all other entries
from the coupling terms: AP = — Zj Af;r. Algorithm [2[illustrates how we solve a time step using this strongly-coupled
system with a matrix-free conjugate gradient method, where the main terms our method adds to the standard SPH pipeline are
highlighted in blue.

The right-hand side bP°"" is the sum of b®™ and b™*", while AP is the sum of the coupling matrices resulting from
capillary action (A®P) and from porous drag (A%?8). Using the linear forces given in our paper, the entries of these matrices are:

Mis
-n
is

mims  VWE(x2)T
W-nI, Adrag:—Zd 9) Por L% is\"is
- D TP + 0,032

15

AZP = AtCP(ST)

(6)
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Algorithm 1: Standard SPH Timestep

Algorithm 2: Porous SPH Timestep

forall particles do

| Compute density p
Non-Pressure Forces
forall solid particles s do
Compute elastic force felast
Update velocity v
forall fluid particles © do
Compute viscosity force '
Update velocity v}
Pressure Forces
forall particles do

| Predict density change p*
forall particles do

| Compute pressure force fPrs
Integrate

forall particles do
Update velocity v

Update position x

forall particles do

| Compute density p, p
Non-Pressure Forces
Compute RHS b

forall solid particles s do

Compute saturation Sy
Compute elastic force belast»
forall particles do

| Compute porous force bP""

Assemble b
Solve Eq. (5) using matrix-free CG

Pressure Forces
forall solid particles s, fluid particles  do
| Predict density change p?, 5}
forall particles do
| Compute pressure force P
Integrate
forall particles do
Update velocity v
Update position x
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3 Porosity and Density

In this section, we provide the detailed derivation of the density constraints we use to allow fluid and solid particle overlapping
while still adhering to incompressibility. Here, we need to take special care of all phases present in the system (e.g., solid, water
and air) to account for how much space they occupy in a given volume.

Anderson and Jackson|[1967]] have shown that porous flow can be modeled using volume averaging methods, where phase
quantities are approximated using weighted volume integrals over the local domain 2. Given a non-negative normalized
function g, i.e. g(x) > 0 and [, g(x)dx = 1, volume averaged quantities f can be computed based on their point values f”:

f(x) = /Q F(9)9(x — y)dy. )

In the context of porous flow, this can be used to define the porosity ¢ as the volume integral over the domain (2 filled by
fluids:

$(x) = / g(x —y)dy = / g(x)dx — / g(x —y)dy =1 - / 9(x —y)dy, (®)
Qr Q Qs Qs
where Qg is the domain occupied by the solid phase. Basically, ¢ is the volume averaged version of an indicator function ¢,
which is 1 inside the fluid domain and 0 inside the solid domain. Note that here, fluid does not just refer to the wetting fluid but
all fluids present in the system, e.g. both water and air in typical porous flow scenarios.
The porosity can be used to compute volume averaged quantities from local quantities, e.g., the volume averaged solid
density p; based on the local point densities p’, is then given by:

[ A)gloe = y)dy = / A¥)g(x — y)dy = (1 — $(x)) pe = pe, ©)

Qs

where the integral can be reduced to just the solid domain since the solid density p’, is non-zero only at points occupied by the
solid phase. The solid phase density p is an averaged version of the point density p’,, which is constant for incompressible solids.
Therefore, we require that p0 = p, = p’,, where p! is the solid phase rest density.

Similarly, we have for fluids:

/ P1(3)9(x - y)dy = / P(¥)g(x — y)dy = S(x)p5(x) =: py. (10)
Q Qp

Note that here, fluids still encompass all fluids present in the system. If only the density of fluid phase w (e.g., the water density
without the air) is of interest we can instead define:

bu(x) = /QW gx—y)dy =1~ /QS g(x —y)dy — /QF/QW g(x —y)dy, (11)
0u60pu(x) = [ A (x)glx = y)dy. (12)

For the incompressible fluid w, the phase density p,, is constant, while the volume average changes based on the local porosity
¢ (x). Given a known fluid phase density p,, we can therefore write:

bw(X)prw = (/QW g(x — y)dy) Pw = (1 - /QS g(x—y)dy — /QF/QW g(x — y)dy> Pu
= (/QWQ(X—Y)der/QSg(X—Y)dy— 1) Pw = — (/QF/QWQ(X—Y)dY> J

(13)
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Since ¢ is non-negative at all points, the right-hand side is less than or equal to zero (based on how much air is present),

therefore:
(/ g(x—Y)dY+/ g(x—.Y)dy—l)ﬁwSO
Qw Qs

= puw </QW g(X—Y)dy+/QS g(x—y)dy> < Puw-

This condition can be readily approximated using SPH, where the SPH kernel W takes on the role of g. Given a local phase
density p, a particle with mass m will occupy a volume of V' = % Therefore, the integral over the solid domain can be
approximated as:

(14)

[ o=y = 3 Vi (15)
Qs

teNs

The same holds for the integral over the fluid domain using nearby fluid particles, such that we get:

Puw (/Q g(x—y)dy+/9 g(X—y)dy> ~ P Z VjWij-l- Z Vi | < . (16)
w s

JENF teN?

Since both fluid and solid phase are incompressible (9 = const) and the particles have constant mass m, the covered volume 1%
is also constant. For fluid particles, we therefore have Vi = V2, where V.0 is the particles initial or sampling volume.

In our method, the solid particles are instead sampled with a volume that does not just cover the solid domain, but also the
pore space. We therefore need to correct the solid particle volumes. Here, we can use the definition of the rest porosity ¢°,
which is a constant material parameter. Since we sample the porous solid in its rest state, we know that the solid phase only
covers a fraction of 1 — ¢ of each particle volume V. The constant covered volume is therefore V, = (1—¢%)V? and we have:

D VWi =(1-¢% > VW, (17)
teNF teNF
from which follows the condition:
o | D2 VIWi (1= 6%) D0 VWi | < pu (18)
JeNF teNy

This condition has the same structure as the density constraint used in SPH pressure solvers, which we therefore employ to
ensure fluid incompressibility.
For solid particles, we use:

(1= o(x)) ps = (/Q g(x — y)dy) ps < Ps, (19)

where the inequality follows from g being normalized and 2g C (2. Using the same arguments as for the fluid density, the
integral over the solid domain can be approximated using an SPH sum:

pe | (=0 D VOWa | < s (20)
teNs

From a visual perspective, this condition is violated if the solid particle overlap exceeds the pore space, which is not permitted
due to the assumption that the solid phase is incompressible.
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If we instead assume that the porous object itself is incompressible, i.e., the pores do not change in size and the local porosity
#(x) = ¢° is also constant, we can further see that:

1-¢(x) = /Q gx —y)dy = (1—¢°) Y VW
o teNS

(1)
= Z ‘/ZOWSt ~ 1.

teNs

This will lead to issues at the surface of the porous solid due to particle neighborhood deficiency (i.e., the particles ¢ do not cover
the whole space around the current particle s at position x, such that the volume integral is underestimated). We therefore
soften this equality and instead require that the porosity may not decrease below the rest porosity (¢(x) > ¢°), such that solid
particles are not allowed to move closer together, as that would correspond to volume loss. We then derive the constraint:

1—g(x)~ (1-¢") > VW <1-¢°
teN?
(22)
= 158 (1 - (bo) Z ‘/tOWst S /33(1 - ¢0) = Ps-
teNs

We therefore have two different upper bounds for the same density estimation, based on the assumption that either the porous
solid is incompressible (reduction of pore space is not allowed with upper bound p,(1 — ¢°)) or that only the solid phase itself
is incompressible (upper bound py).
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4 Porous Forces and Darcy’s Law

Porous interaction forces are generally added to the momentum equations as special external forces, acting on the surfaces of
the phase continuum. The momentum equation for a fluid with negligible viscosity is then:

Dv 1 1
— =—-Vp+ - +g (23)
Dt P p

While the specific form of £P°" is unknown, one possible form is a linear drag force based on the relative fluid velocity
Vis = Vv — Vg, with local solid velocity v, and fluid velocity v:

P8 = Ky, (24)

Here, K = Q;C—” is assumed to be proportional to the fluid viscosity p and the solid permeability k, such that higher viscosity or
lower permeability increase the drag force. The porosity ¢ is included to convert the velocity into the volume flux. If we then
assume stationary conditions, i.e. % = 0, we get:

1 1
0=—--Vp—-Kvy,+g
p

P
1 1
— —-Kvyjy=—-Vp+g (25)
p p
_ k
= vy =K '(-Vp+pg) = ~gn (VP r8).

This is Darcy’s law, where gravity can sometimes be neglected depending on the pressure forces and the simulation scenario.

In many computer graphics applications we cannot assume stationary conditions, since we usually aim for dynamic scenes.
Additionally, computing a physically accurate pressure field for Darcy’s law is challenging, especially if fluid incompressibility
and capillary action have to be considered. Therefore, the pressure field is often approximated using heuristics based on the
local fluid saturation (e.g. Lenaerts et al.| [2008]] or Ren et al|[2021]]). Our model avoids these issues by not using Darcy’s law for
the relative fluid velocity, as we instead consider the forces directly.
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